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ABSTRACT

Finding ground states of quantum many-body systems is known

to be hard for both classical and quantum computers. As a result,

when Nature cools a quantum system in a low-temperature thermal

bath, the ground state cannot always be found e�ciently. Instead,

Nature �nds a local minimum of the energy. In this work, we study

the problem of �nding local minima in quantum systems under

thermal perturbations. While local minima are much easier to �nd

than ground states, we show that �nding a local minimum is com-

putationally hard for classical computers, even when the task is

to output a single-qubit observable at any local minimum. In con-

trast, we prove that a quantum computer can always �nd a local

minimum e�ciently using a thermal gradient descent algorithm

that mimics the cooling process in Nature. To establish the clas-

sical hardness of �nding local minima, we consider a family of

two-dimensional Hamiltonians such that any problem solvable by

polynomial-time quantum algorithms can be reduced to �nding

local minima of these Hamiltonians. Therefore, cooling systems to

local minima is universal for quantum computation, and, assuming

quantum computation is more powerful than classical computation,

�nding local minima is classically hard and quantumly easy.
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1 INTRODUCTION

Finding ground states and other low-energy states of quantum

many-body systems is a central problem in physics, materials

science, and chemistry. To address this problem, many powerful

computational methods, such as density functional theory (DFT)

[32, 40], quantum Monte Carlo (QMC) [7, 12, 58], variational opti-

mization with tensor network ansatzes [30, 34, 55, 59, 64, 67, 68]

or neural network ansatzes [11, 22, 31], and data-driven machine

learning approaches [27, 33, 43, 56], have been developed. These

methods work well for many physically relevant problem instances

but fail badly in other cases. One hopes that scalable fault-tolerant

quantum computers will be able to solve a broader array of problem

instances, but �nding ground states of local Hamiltonians is known

to beQMA-hard [37, 39], and therefore is expected to be intractable

even for quantum computers.

Under the widely accepted conjecture that Nature can be e�-

ciently simulated on a quantum computer, the hardness of �nding

ground states on quantum computers implies that Nature cannot

�nd ground states in general. When a quantum system with Hamil-

tonian N is placed in a low-temperature thermal bath, the sys-

tem seeks a local minimum of the energy, which may not be the

ground state of N . For some physical systems, such as spin glasses

[8, 24, 38, 49], �nding a ground state is indeed known to be com-

putationally hard; such systems, when cooled, almost always �nd

a local minimum instead. In these cases, the ground state of the

Hamiltonian is physically irrelevant in that it is rarely observed in

experiments.

This work is licensed under a Creative Commons Attribution 4.0 Interna-

tional License.
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Motivated by this perspective, in this work we study the prob-

lem of �nding local minima in quantum many-body systems. For

concreteness, we consider an =-qubit system governed by a local

Hamiltonian N . The central question we are interested in is:

�estion. How tractable is the problem of �nding local min-

ima of the energy in quantum systems using classical and quantum

computers?

To begin to answer this question, we need a mathematical de�-

nition of local minima in quantum systems. Based on the standard

de�nition in mathematical optimization [2, 4, 9, 35, 54], we consider

a local minimum in a quantum system governed by Hamiltonian N

to be a quantum state such that the expectation value of N does not

decrease under any small perturbation applied to the state. More

formally, let P" be a perturbation parameterized by a small vector

" that maps quantum states to quantum states. An n-approximate

local minimum of an =-qubit Hamiltonian N under perturbation P
is a state 1 with an energy tr(N1) that is an approximate minimum

under perturbations, i.e.,

tr(N1) ≤ tr(NP" (1)) + n ∥" ∥ (1.1)

for all small enough " . We say an algorithm A has solved the

problem of �nding local minima under perturbation P if given any

=-qubit Hamiltonian N , written as a sum of few-qubit Hermitian

operators, and any few-qubit observable U , the algorithm A can

output a real value tr(U1) corresponding to any approximate local

minimum 1 of N under perturbations P up to a small error.1 The

local minima of N form a subset of the entire quantum state space,

which contains the global minima, the ground states of N . We will

consider two de�nitions of perturbations for de�ning local minima.

The �rst one is, in a sense, mathematically natural but turns out to

be inadequate for reasons we will explain. The second one is well-

motivated physically and turns out to have interesting properties

which we will explore.

The �rst de�nition of perturbations we study in this work is local

unitary perturbations, which can be viewed as short-time unitary

evolution governed by a sum of few-body Hermitian operators, as

might arise in an adaptive variational quantum eigensolver (VQE)

[13, 29, 53]. A drawback of this de�nition is that �nding a local

minimum becomes so easy that even a classical computer can solve

it e�ciently. We prove that a random =-qubit pure state is almost

always a local minimum of N under local unitary perturbations.

Hence, there are exp(exp(Ω(=))) many local minima that are not

global minima in the energy landscape. Because the number of local

minima is enormous, �nding a local minimum under this de�nition

is classically easy. While local unitary perturbations are natural

from a mathematical perspective, they are not physically motivated

since the evolution of a quantum system interacting with a low-

temperature thermal bath is governed by quantum thermodynamics

and is inherently nonunitary.

Our second de�nition is inspired by how quantum systems ac-

tually seek out local minima in Nature. Under suitable physical

assumptions2, perturbations induced by a thermal bath are repre-

sented by a master equation de�ned by a linear combination of

1Since there could be multiple local minima and we consider �nding one instance to
be su�cient, this problem is closer to a relational problem than to a decision problem.
2Typical assumptions are that the system-bath coupling is weak and the thermal bath
is memoryless.

thermal Lindbladians L0 , each associated with a local system-bath

interaction G0 [10, 20, 44]. In its modern formulation [15, 48], the

thermal Lindbladian L0 depends on the system Hamiltonian N

and two macroscopic bath quantities: the inverse temperature V

and a characteristic time scale g . We prove two fundamental results

concerning the problem of �nding local minima under thermal

perturbations. We prove that a quantum computer can e�ciently

�nd a local minimum under thermal perturbations using a pro-

posed quantum thermal gradient descent algorithm that mimics

Nature’s cooling process. And in stark contrast to the de�nition of

a local minimum based on local unitary perturbations, we prove

that �nding local minima under thermal perturbations is universal

for quantum computation and, hence, is classically hard under the

standard assumption BPP ≠ BQP.

To establish the classical hardness of �nding local minima under

thermal perturbations, we consider geometrically local Hamiltoni-

ans on a 2D lattice, such that the ground state encodes the outcome

of any e�cient quantum computation using a modi�ed version of

Kitaev’s circuit-to-Hamiltonian construction [3, 39, 52]. The most

technically involved result of this work is a theorem stating that

for these 2D Hamiltonians, all local minima under low-temperature

thermal perturbations are global minima, i.e., ground states. That

is, the energy landscape for these Hamiltonians has a nice bowl

shape over the entire =-qubit state space such that quantum gradi-

ent descent e�ciently �nds the ground state starting with arbitrary

initial states. Meanwhile, if a classical computer can always e�-

ciently �nd any local minima under thermal perturbations, then the

classical computer can e�ciently simulate quantum computation,

which is widely believed to be impossible. To prove the theorem,

we develop a set of techniques for establishing that a Hamiltonian

N has no suboptimal local minima, i.e., all local minima of N are

global minima.

We now present, in more details, our main results concerning

the tractability of �nding local minima in quantum systems. The

results are organized into the complexity of �nding local minima

under local unitary perturbations and under thermal perturbations.

2 LOCAL MINIMA UNDER LOCAL UNITARY

PERTURBATIONS

We begin by presenting our results studying local minima under

local unitary perturbations in more details. Local unitary perturba-

tions are short-time unitary evolutions under a sum of few-body

Hermitian operators. A quantum circuit consisting of near-identity

two-qubit gates induces a local unitary perturbation. Consider an

=-qubit pure state |k ⟩. A local unitary perturbation of |k ⟩ is given
by

(local unitary perturbation): |k ⟩ → exp

(

−i
<
∑

0=1

U0h
0

)

|k ⟩ ,

(2.1)

where h0 is a Hermitian operator acting on a few qubits, < =

poly(=) is the number of such Hermitian operators, and " =
∑

0 U0 ê0 ∈ R< is a vector close to zero. This de�nition is inspired

by adaptive variational quantum eigensolvers [13, 29, 53], and is

the state version of the Riemannian geometry of quantum computa-

tion de�ned in [50]. When one variationally minimizes the energy
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by applying unitary gates, one �nds a local minimum under local

unitary perturbations.

To understand how easy the problem of �nding local minima

under local unitary perturbations is, we need to characterize the

energy landscape. The following lemma provides a universal charac-

terization of the structure of the energy landscape under the geome-

try de�ned by local unitary perturbations for any local Hamiltonian

N . See the full version of this paper [14] for the formal statement

and the proof.

Lemma 2.1 (Barren plateau; informal). Given any =-qubit local

Hamiltonian N , a random pure =-qubit state |k ⟩ is an approximate

local minimum of N under local unitary perturbations.

Furthermore, the proof of the above lemma illustrates the following

physical picture: the energy landscape in the pure state space de-

�ned based on local unitary perturbations consists of a large barren

plateau [46] with doubly-exponentially many approximate local

minima having exponentially small energy gradient. Additionally,

almost all of the local minima have local properties that are expo-

nentially close to that of the maximally mixed state. As a result,

while �nding ground states is classically hard, �nding local minima

under local unitary perturbations is classically trivial.

Theorem 1 (Classically easy to �nd local minima under local uni-

tary perturbations; informal). The problem of �nding approximate

local minima of =-qubit local Hamiltonian N under local unitary

perturbations is classically easy.

The presence of barren plateaus in the energy landscape under

local unitary perturbations causes the problem of �nding local

minima to be classically easy. However, a de�nition of local minima

based on local unitary perturbation is not physically well motivated

since Nature cools a physical system via open-system dynamics by

coupling to a thermal bath rather than by unitary dynamics.

3 LOCAL MINIMA UNDER THERMAL

PERTURBATIONS

Next, we consider local minima under thermal perturbations, which

are short-time open-system evolution undergone by a system cou-

pled to a heat bath. Under suitable physical assumptions, the ther-

mal perturbations are represented by a master equation de�ned

by a linear combination of thermal Lindbladians L0 , each asso-

ciated with a system-bath interaction G0 acting on a few qubits

[10, 20, 44].

3.1 Thermal Lindbladians

In its modern formulation [15, 48], the thermal Lindbladian L0

depends on the system Hamiltonian N and two macroscopic bath

quantities: the inverse temperature V and a characteristic time scale

g . Mathematically, one can think of the thermal Lindbladian as the

quantum analog of Glauber dynamics, generating a continuous-

time quantum Markov chain.

For each system-bath interaction speci�ed by a jump operator

G0 , the thermal Lindbladian is a sum over the coherent part and

the dissipative part:

LV,g,N
0 (1) := −i[N V,g,N

!(,0
, 1]

+
∫ ∞

−∞
WV (l)

[

Ĝ0 (l)1Ĝ0 (l)† − 1

2
{Ĝ0 (l)†Ĝ0 (l), 1}

]

dl.

(3.1)

We will focus on explaining the dissipative part in the second line.

Transition weight. At a �xed inverse temperature V , the transition

weight WV (l) tells us how strong the rate of a transition/jump

should be, depending on the energy di�erence l . In particular, the

transition weight satis�es the following Kubo-Martin-Schwinger

(KMS) condition and convenient normalization:

WV (l)/WV (−l) = e−Vl and 0 ≤ WV (l) ≤ 1 for any l ∈ R,
(3.2)

which is reminiscent of how detailed balance is imposed in classical

Markov chains.

Operator Fourier transform. Given a jump operator G0 , we con-

sider the operator Fourier Transform [15] for the Heisenberg-evolved

jump operator G0 (C) = eiNCG0e−iNC characterized by a time scale

g ∈ R of the heat bath

Ĝ0 (l) := 1√
2cg

∫ g/2

−g/2
eiNCG0e−iNC e−ilCdC . (3.3)

The operator Ĝ0 (l) corresponds to matrix elements in G0 that

induce jumps between energy eigenstates with an energy di�erence

approximately l ± O(1/g). The bigger g is, the more precise l

corresponds to the true energy di�erence.

Altogether, the e�ect of a thermal Lindbladian is to weight the

transitions due to a jumpG0 by the energy di�erencel ; the heating

transition l > 0 is relatively suppressed compared to the cooling

transitions l < 0. Remarkably, this is not a carefully designed opti-

mization algorithm to help with the analysis, but rather something

that arises naturally from �rst principles in thermodynamics; it’s

Nature’s optimization algorithm.

3.2 Formulating Local Minima

Now, we consider a thermal perturbation of =-qubit state 1 to be

(thermal perturbation): 1 → exp

(

<
∑

0=1

U0LV,g,N
0

)

(1), (3.4)

where LV,g,N
0 is the thermal Lindbladian,< = poly(=) is the num-

ber of jump operators, and " =
∑

0 U0 ê0 ∈ R<≥0 is a nonnegative
vector close to zero. Here, the vector is nonnegative because ther-

modynamic processes are generally irreversible.

A local minimum under thermal perturbations is a state 1 with

the minimum energy tr(N1) under thermal perturbations given in

Eq. (3.4). More precisely, we will consider n-approximate local min-

ima as in Eq. (1.1). A central concept that enables us to understand

the energy landscape and establishes the computational complexity

of �nding local minima under thermal perturbations is the energy

gradient operator,

(energy gradient operator):

<
∑

0=1

L†V,g,N
0 (N )ê0, (3.5)
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where the adjoint L† is the Heisenberg-picture Lindbladian, i.e.,

tr(L† [U]1) = tr(UL[1]). The energy gradient operator is a vector
of individual gradient operators3 associated with each jump opera-

tor G0 . Indeed, the energy gradient operator naturally emerges by

taking an in�nitesimal perturbation, i.e., the gradient of the energy

tr(N1),

tr

(

N exp

(

<
∑

0=1

U0LV,g,N
0

)

(1)
)

= tr(N1) + " ·
<
∑

0=1

tr
(

L†V,g,N
0 (N )1

)

ê0 + O(∥" ∥2) . (3.6)

The expectation of the energy gradient operator on a state 1 gives

the gradient of the energy tr(N1) under thermal perturbations.

With the de�nition of local minima under thermal perturbations

in hand, we next study how tractable is the problem of �nding a

local minimum under thermal perturbations.

3.3 Finding Local Minima is Easy for Quantum

Computers

In practice, quantum systems �nd local minima easily when cou-

pled to a cold thermal bath. Therefore, if our de�nition of a local

minimum properly captures how a quantum system behaves in a

cold environment, we expect �nding local minima to be quantumly

easy. Indeed, in the following theorem, we prove that a quantum

computer can always e�ciently �nd a local minimum of N under

thermal perturbations by simulating thermal Lindbladians.

Theorem 2 (Quantumly easy to �nd a local minimum under ther-

mal perturbations). Let= be the problem size. There is a poly(=)-time

quantum algorithm that guarantees the following: Suppose we are

given error n = 1/poly(=), inverse temperature 0 ≤ V ≤ poly(=),
time scale g = poly(=), an=-qubit local HamiltonianN with ∥N ∥∞ =

poly(=),< local jump operators {G0}<0=1 with< = poly(=), and a
local observable U with ∥U ∥∞ ≤ 1.

Then, the quantum algorithm outputs a real value E ∈ [−1, 1],
such that E is n-close to tr(U1) for an n-approximate local minimum

1 of N under thermal perturbations with an inverse temperature V , a

time scale g , and system-bath interactions generated by {G0}0 .

Proof idea. We prove this theorem by developing a quantum

thermal gradient descent algorithm based on the energy gradient

operator. Gradient descent is necessary when the inverse temper-

ature V and time scale g are not in�nite. When V = g = ∞, the

energy gradient L†∞,∞,N
0 (N ) ⪯ 0. In this case, the algorithm can

just perform a random walk along random directions because no

perturbations increase energy. But when V and g are �nite, the en-

ergy gradient can be positive and the algorithm needs to carefully

walk in directions with negative energy gradients.

The quantum thermal gradient descent algorithm mimics how

Nature cools the quantum system when the system is interacting lo-

cally and weakly with a low-temperature heat bath. The algorithm

starts with an arbitrary initial state 10. For each step C = 0, 1, 2, . . .,

the algorithm considers the current state 1C and proposes the next

state 1C+1. The tangent space at 1C is high dimensional with many

3This is similar to the spin operator ®f = fG
êG + f~

ê~ + fI
êI , which is a vector of

Hermitian observables.

possible directions/dynamics depending on the system-bath inter-

action. The algorithm chooses a direction that lowers the energy

as fast as possible by computing the gradient of the energy and

proposes 1C+1 by performing gradient descent. As long as the cur-

rent state 1C is not an n-approximate local minimum of N under

thermal perturbations, the energy will decrease by a su�ciently

large amount

tr(N1C+1) < tr(N1C ) −
1

poly(=) . (3.7)

Because the energy is bounded from below, there are, at most,

a polynomial number of steps C ≤ poly(=) until the algorithm

arrives at an n-approximate local minimum of N under thermal

perturbations.

To prove the convergence of quantum thermal gradient descent,

we show that every small gradient step decreases the energy. To

establish this claim, we derive analytic properties of thermal Lind-

bladians based on a smoothness bound on the second derivatives

in [15]. To implement a gradient step based on thermal perturba-

tions, we build on a recently developed e�cient quantum algorithm

that simulates thermal Lindbladian evolution using a quantum cir-

cuit augmented by mid-circuit measurements [15]. □

3.4 Finding Local Minima is Hard for Classical

Computers

Given that �nding local minima under local unitary perturbations

is classically trivial, it is natural to wonder whether �nding local

minima under thermal perturbations is also classically easy. What

does the corresponding energy landscape look like? And what com-

putational problems can be solved using quantum thermal gradient

descent (or, roughly speaking, by just putting the system in a cold

bath)? As our second main result, we address these questions for a

class of geometrically local Hamiltonians {N� } on two-dimensional

lattices, where the ground state |[0⟩ encodes the output of quantum
circuit � .

Theorem 3 (All local minima are global in BQP-hard Hamiltoni-

ans). Let V� (N� ) = |[0⟩⟨[0 | be the ground state projector of the

2D Hamiltonian N� acting on = + ) = poly(=) qubits. There is a
choice of< = poly(=) two-qubit jump operators {G0}0 satisfying

the following.

Suppose we are given 0 < X < 1. Then, for any small error

n = 1/poly(=, 1/X), any n-approximate local minimum 1 of N�

under thermal perturbations generated by {G0}0 with a large inverse

temperature V = poly(=, 1/X), a large time scale g = poly(=, 1/X)
is an exact global minimum with high probability, i.e., we have

tr(V� (N� )1) ≥ 1 − X .

This theorem is the most technically involved contribution of this

work. Conceptually, the landscape of these 2D Hamiltonians has

a nice bowl shape, like in convex optimization [9]. Therefore, per-

forming thermal gradient descent (Theorem 2) allows us to prepare

the ground state starting from an arbitrary initial state. For a choice

of inverse temperature that grows polynomially with |� |, thermal

�uctuations in the cooling process do not kill the power of quantum

computation.

Showing that no suboptimal local minimum exists seems daunt-

ing due to the doubly exponentially large space of possible quantum
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states as well as the complex expression for the thermal Lindbladian

LV,g,N
0 . While previous studies on circuit-to-Hamiltonianmappings

focused mainly on the lowest energy states, here we need to worry

about potential local minima from states in superposition with ar-

bitrarily high energies. To make progress, we propose a su�cient

condition based on the energy gradient operator in Eq. (3.5) that

captures the nice landscape of N� and rules out the presence of

any suboptimal local minimum: Let V� (N ) be the projector onto
the ground state space of N . The condition requires the existence

of a unit vector "̂ ∈ R<≥0 and A > 0 with

−
<
∑

0=1

Û0L†V,g,N
0 (N ) ⪰ A (O − V� (N )). (3.8)

This operator inequality, which we call the “negative gradient condi-

tion,” implies that any state with a small ground state overlap must

experience a substantially negative energy gradient, i.e., it must

not be a local minimum.

To prove that N� satis�es the su�cient condition, we propose a

series of mathematical techniques for characterizing energy gra-

dients in few-qubit systems, in commuting Hamiltonians, in sub-

spaces of the Hamiltonian, and in perturbed Hamiltonians. Control-

ling perturbations of the energy gradient is surprisingly challenging.

The perturbative errors are not suppressed by the spectral gap of

the Hamiltonian as seen in more standard settings but instead by

the Bohr-frequency gap, which can be much smaller. These new

techniques build on the operator Fourier transform, and the sec-

ular approximation in [15]. We emphasize that while we proved

that N� has no suboptimal local minima, this is not true for any

local Hamiltonian. In the case of Kitaev’s QMA-hard Hamiltonian,

the energy landscape contains a large number of suboptimal local

minima corresponding to all possible rejected witnesses.

In particular, the family of Hamiltonians {N� } on two-dimensional

lattices that we consider yields the following proposition:

Proposition 3.1 (BQP-hardness for estimating properties of the

ground state of N� ). If there is a classical algorithm that can es-

timate any single-qubit observable on the unique ground state of

the geometrically local Hamiltonian N� in time polynomial in the

number of qubits in N� to error 1/4 for any N� in the class, then

BPP = BQP.

Building on the energy landscape characterization in Theorem 3

and the proposition above, we establish the following:

Theorem 4 (Classically hard to �nd a local minimum under thermal

perturbations). Let = be the problem size. Suppose there is a poly(=)-
time classical algorithm guaranteeing the following:

Given error n = 1/poly(=), inverse temperature 0 ≤ V ≤ poly(=),
time scale 0 ≤ g ≤ poly(=), an =-qubit local Hamiltonian N with

∥N ∥∞ = poly(=),< local jump operators {G0}<0=1 with< = poly(=),
and a single-qubit observable U with ∥U ∥∞ ≤ 1. Then, the classical

algorithm outputs a real value E ∈ [−1, 1], such that E is n-close to

tr(U1) for an n-approximate local minimum 1 of the Hamiltonian

N under thermal perturbations with an inverse temperature V , a time

scale g , and system-bath interactions generated by {G0}0 .
Then, BPP = BQP.

Proof. Assuming the existence of a polynomial-time classical

algorithm that satis�es the properties stated in the theorem. Apply

this classical algorithm to the 2D Hamiltonian N� considered in

Theorem 3 with a su�ciently small approximation error n , such

that any n-approximate local minimum 1 of N� under thermal

perturbations with polynomially-large V , g and system-bath inter-

actions generated by {G0}0 is an exact global minimum with high

probability, i.e.,

⟨[0 | 1 |[0⟩ = tr(V� (N� )1) ≥ 1 − 1

162
, (3.9)

where |[0⟩ is the unique ground state of N� . We further consider n

to be small enough such that

n <

1

8
. (3.10)

Let 1 be an n-approximate local minimum of the Hamiltonian N

under thermal perturbations. Consider the observable U 9 = ` 9

from the proof of Proposition 3.1. Using the Fuchs–van de Graaf

inequalities, we have





1 − |[0⟩⟨[0 |






1
≤ 1

8
. (3.11)

Because the classical algorithm can estimate tr(U 91) to error n ,

from Eq. (3.10) and (3.11), the classical algorithm can estimate

⟨[0 |U 9 |[0⟩ to error 1/4 in time polynomial in the number of qubits

in N� . From Prop. 3.1, this implies that BPP = BQP. □

There have been other proposals for solving BQP-hard problems

by �nding suitable quantum states, such as designing a gapped adi-

abatic path for Hamiltonians to �nd ground states [3], engineering

Lindbladians to have rapid dissipative evolution towards steady

states [65] and performing quantum phase estimation on an initial

state with high ground-state overlap [26]. These approaches draw

inspiration from physics to motivate algorithms for solving prob-

lems on analog and digital quantum devices but do not emulate

naturally occurring physical processes. In contrast, the problem

of �nding a local minimum is motivated by ubiquitous physical

processes in Nature that produce the low-energy states studied in

physics, chemistry, and materials science. Furthermore, the local

minima problem enjoys the robustness of thermodynamics: one

merely needs to specify macroscopic bath quantities V and g with-

out worrying about microscopic details, and the choice of jump

operators can be �exible since adding more jumps (even unwanted

ones) only improves the gradient and removes suboptimal local

minima.

4 DISCUSSION

Wehave good reasons for believing that scalable fault-tolerant quan-

tum computers will be more powerful than classical computers, but

for what problems of practical interest should we expect a super-

polynomial quantum advantage? Quantum computers might sub-

stantially speed up the task of characterizing properties of ground

states for some local Hamiltonians that arise in physics, chemistry,

and materials science, but it is not clear how to identify particu-

lar problems for which such speedups occur [42]. In some cases,

classical methods provide good solutions, while in other cases, the

problem is hard even for quantum computers.

Here we have focused on an easier problem, namely �nding local

minima rather than global minima of a Hamiltonian. This problem

is very well motivated physically because the task of �nding a local
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minimum under thermal perturbations is routinely carried out by

actual physical systems when in contact with a low-temperature

thermal bath. We showed that this problem is solved e�ciently by

a proposed quantum optimization algorithm, the quantum thermal

gradient descent algorithm. Furthermore, we showed that �nding a

local minimum is classically hard in general (assuming that BPP ≠

BQP). Hence, the local minimum problem is a quantumly tractable

alternative to the ground state problem for which superpolynomial

quantum advantage can be achieved for some problem instances.

Our main results pertain to perturbations that arise in quantum

thermodynamics [10, 15, 20, 44, 48]. We noted that the energy land-

scape under such thermal perturbations is much nicer than the en-

ergy landscape encountered by quantum optimization algorithms

relying on local unitary perturbations such as VQE [13, 29, 53];

see Theorems 1 and 3. From an algorithmic design perspective,

we are free to choose any perturbation. Indeed, we may mod-

ify the thermal Lindbladians to have nicer analytic properties or

algorithmic costs [15]. While these synthetic Lindbladians may

not simulate Nature, they constitute a broader class of quantum

Markov chain Monte Carlo (or, quantum Gibbs sampling) algo-

rithms [15, 23, 57, 62] that may improve upon Nature. Apart from

Lindbladians, other families of perturbations, such as unitary per-

turbations accompanied by mid-circuit measurements and/or qubit

resets, may also yield nice bowl-shaped energy landscapes without

suboptimal local minima. Progress on this question could lead to

more e�cient quantum optimization algorithms for �nding low-

energy states or for other applications.

There are a plethora of classical algorithms for minimizing en-

ergies of quantum systems based on classical variational ansatzes

for quantum states, such as tensor networks [1, 6, 19, 30, 34, 36,

41, 55, 59–61, 63, 64, 67–70] and neural network quantum states

[11, 16, 17, 21, 22, 25, 28, 31, 45, 47, 51, 66]. These classical algo-

rithms �nd a local minimum within a family of states de�ned by

the classical variational ansatz. However, a local minimum of the

energy among the set of states subject to the classical ansatz might

not be a local minimum under thermal perturbations. If not, we

can load the state found by the classical algorithm into a quantum

computer and �nd a lower energy state by running the quantum

thermal gradient descent algorithm. A corollary of our main results

states the following.

Corollary 4.1 (Quantum advantage over variationally optimized

classical ansatz). Under the conjecture that BPP ≠ BQP, there ex-

ists a class of =-qubit geometrically-local Hamiltonian N on a two-

dimensional lattice with ∥N ∥∞ = O(=) that satis�es the following.
Given any classical ansatz of =-qubit state 1 that can estimate the

expectation value of single-qubit observables to 1/poly(=) error in
poly(=)-time on classical computers, any poly(=)-time classical al-

gorithm for minimizing the energy tr(N1) using the classical ansatz,
and samples of the state 1 represented by the optimized classical

ansatz. A quantum machine can �nd a state 1# with strictly lower en-

ergy than 1 in poly(=) time by running a quantum thermal gradient

descent based on low-temperature cooling.

Proof Idea. The central claim is that the state 1 found by an

e�cient classical algorithm cannot be an n-approximate local mini-

mum under low-temperature thermal perturbations. We establish

this claim by contradiction. Suppose that the classical ansatz for 1

found by the e�cient classical algorithm is an n-approximate local

minimum. Then the classical algorithm can use the classical ansatz

to predict the expectation values of single-qubit observables of an

n-approximate local minimum 1 of N to n error. From Theorem 4,

this implies that BPP = BQP, which is a contradiction.

Because 1 is not an n-approximate local minimum under low-

temperature thermal perturbations, a quantum machine can use

samples of 1 to initialize at the state 1 and perform one gradient

descent step based on low-temperature cooling. From a lemma on

the necessary condition for local minima, there exists0 ∈ {1, . . . ,<}
such that tr(NLV,g,N

0 [1]) < −n . From a lemma on cooling by

gradient descent, one can show that a single gradient descent step

yields a state 1 (next) with a strictly lower energy than the state 1.

Hence, one establishes the desired claim. □

The point is that we have proved the existence of local Hamilto-

nians for which �nding a local minimum is quantumly easy and

classically hard. For any such Hamiltonian, any quantum state 1#

found by the e�cient classical algorithm will not be a local mini-

mum; therefore, quantum thermal gradient descent will be able to

descend to a state with strictly lower energy, even with just one

gradient step. Furthermore, in many cases, we can evaluate the

energy gradient at the classically optimized state 1# by executing

an e�cient classical computation. A negative energy gradient con-

�rms that a quantum algorithm starting from 1# could outperform

the classical algorithm.

Many other interesting and challenging questions remain open.

Theorem 3 shows that there are no suboptimal local minima in BQP-

hard =-qubit Hamiltonians for inverse temperature V = poly(=). Do
there exist BQP-hard Hamiltonians with no suboptimal local mini-

mum even for constant temperature, i.e., V = O(1)? If so, quantum
advantage can be achieved by simply coupling a quantum system

to a heat bath at a su�ciently low but constant temperature. Our

conclusion that �nding local minima under thermal perturbations

is classically hard relied on the complexity-theoretic conjecture

that BPP ≠ BQP. Can we prove unconditionally that �nding local

minima is hard for classical algorithms, perhaps within a black-box

oracle model? Sometimes, when a system performs a random walk

over a large plateau of suboptimal local minima for a su�ciently

long time, the system escapes the plateau and reaches the true

ground state. Could we characterize when ground states can be

found e�ciently despite having many suboptimal local minima?We

have shown that there is a quantum advantage in �nding local min-

ima of quantum systems. Might there also be a quantum advantage

in �nding better local minima in classical optimization problems

under some variant of quantum thermal gradient descents?

While ground state problems are hard to solve in general, many

experimentally observed quantum systems e�ciently relax to their

ground states when cooled. This physical phenomenon suggests

that perhaps many Hamiltonians of interest in physics, chemistry,

and materials science have no suboptimal local minima. We have

shown in Theorem 3 that a particular family of BQP-hard Hamilto-

nians has no suboptimal local minima under thermal perturbation.

An important future goal is to characterize broader classes of Hamil-

tonians that have a similarly good energy landscape. Our proposed

negative gradient condition su�ces to rule out suboptimal local

minima, but checking this condition for a general Hamilton involves
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highly complex calculations. It would be helpful to develop more

general-purpose and e�cient methods to verify this property for

speci�ed physical Hamiltonians over spins, fermions, or bosons. We

hope the ideas and techniques presented here will yield a deeper un-

derstanding of the energy landscapes of quantum systems and point

toward promising opportunities for achieving quantum advantage

for physically relevant problems.
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